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Abstract
In this paper three results are established: firstly, that the homo-
topy function complexes of Dwyer and Kan can be defined as certain
total right derived functors; secondly, that they functorially compute
the homotopy type of the hom-spaces in the simplicial localisation; and
thirdly, that they can be computed by fibrant replacements in a suitable
left Bousfield localisation of the projective model structure on simplicial
presheaves.
Introduction
A (closed) model category in the sense of Quillen [1967] is an abstraction of the
homotopy theory of topological spaces: it is a category equipped with notions
of ‘path space’, ‘homotopy’, etc. that behave much like their namesakes in the
category of topological spaces. As such, one might have also expected a notion
of ‘mapping space’, but initially, these were only defined for simplicial model
categories. The first general definition appeared in the work of Dwyer and Kan
[1980a,b,c]: in fact, they introduced three explicit models for mapping spaces
and showed that they are all weakly homotopy equivalent. In brief:
• The first model is constructed using the methods of homotopical algebra
applied to the category of simplicially enriched categories over a fixed ob-
ject set: one essentially takes a cofibrant resolution of the model category
itself and then localises that.
• The second model is built using “reduced hammocks” and resembles
Yoneda’s [1954] construction of Ext∗-groups in terms of diagrams.
Department of Pure Mathematics and Mathematical Statistics, University of Cambridge,
Cambridge, UK. E-mail address: Z.L.Low@dpmms.cam.ac.uk
1
Revisiting function complexes and simplicial localisation
• The third model is defined in terms of simplicial and cosimplicial resol-
utions, which is essentially the same as the construction of Ext∗-groups
in terms of injective and projective resolutions.
It was shown in the second Dwyer–Kan paper that the first two models are
weakly homotopy equivalent in a functorial way, and the main result of the
third Dwyer–Kan paper was that the last two models are weakly homotopy
equivalent, modulo a minor gap which was repaired by Mandell [1999, §7] and
Dugger [2006] independently. Unfortunately, the complications so introduced
make it non-obvious whether the weak homotopy equivalence constructed can
be made functorial; one of the goals of this paper is to clarify this point by
giving yet another proof of the Dwyer–Kan result.
We will revisit all three Dwyer–Kan constructions in this paper, following
the outline below:
• In §1, we review the theory of homotopy colimits of diagrams of simplicial
sets.
• In §2, we extend the analogy with homological algebra indicated in the
first paragraph by showing that homotopy function complexes can be
defined as total right derived functors of certain functors defined on the
category of (co)simplicial objects.
• In §3, we show that homotopy function complexes are naturally weakly
homotopy equivalent to the hom-spaces of the hammock localisation.
• In §4, we use left Bousfield localisation to show that representable pre-
sheaves admit a generalised right derived functor, which can be computed
in terms of the hom-spaces of the (standard) simplicial localisation.
Conventions
• We will mostly use the same notations and definitions as in [Dwyer and
Kan, 1980a,b,c].
• We will also need the notions of ‘homotopical equivalence’, ‘right approx-
imation’, and ‘deformable functor’ from [DHKS].
• For simplicity, we will restrict our attention to small model categories
with functorial factorisations.
• However, to avoid triviality, we will only assume that our model categor-
ies have finite limits and colimits.
• We will use underlines to indicate simplicial enrichment.
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The smallness hypothesis is easily circumvented under the assumption of
a suitable universe axiom, but removing the functoriality hypothesis requires
a small extension of the DHKS theory of deformable functors. The author
intends to address this in future work.
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1 Homotopy colimits
We will need several explicit models for homotopy colimits of diagrams of
simplicial sets. The following are based on the formulae of Bousfield and Kan
[1972, Ch. XII]:
Definition 1.1. Let X : C → sSet be a small diagram.
• The Bousfield–Kan colimit of X is the simplicial set lim
−→
BK
C
X defined
by the formula below,
(
lim
−→
BK
C
X
)
n
=
∐
(c0,...,cn)
C(cn−1, cn)× · · · × C(c0, c1)×X(c0)n
where the disjoint union is indexed over (n+ 1)-tuples of objects in C,
with the following face and degeneracy operators:
dn0 (fn, . . . , f1, x) = (fn, . . . , f2, d
n
0(X(f1)(x)))
dni (fn, . . . , f1, x) = (fn, . . . , fi+1 ◦ fi, . . . , f1, d
n
i (x))
dnn(fn, . . . , f1, x) = (fn−1, . . . , f1, d
n
n(x))
sn0 (fn, . . . , f1, x) = (fn, . . . , f1, idc0, s
n
0 (x))
sni (fn, . . . , f1, x) = (fn, . . . , fi+1, idci, fi, . . . , f1, s
n
i (x))
snn(fn, . . . , f1, x) = (idcn, fn, . . . , f1, s
n
n(x))
• The dual Bousfield–Kan colimit of X is the simplicial set lim
−→
KB
C
X
defined by the formula below,
(
lim
−→
KB
C
X
)
n
=
∐
(c0,...,cn)
X(cn)n × C(cn, cn−1)× · · · × C(c1, c0)
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where the disjoint union is indexed over (n+ 1)-tuples of objects in C,
with the following face and degeneracy operators:
dn0 (x, fn, . . . , f1) = (d
n
0(x), fn, . . . , f2)
dni (x, fn, . . . , f1) = (d
n
i (x), fn, . . . , fi ◦ fi+1, . . . , f1)
dnn(x, fn, . . . , f1) = (d
n
n(X(fn)(x)), fn−1, . . . , f1)
sn0 (x, fn, . . . , f1) = (s
n
0 (x), fn, . . . , f1, idc0)
sni (x, fn, . . . , f1) = (s
n
i (x), fn, . . . , fi+1, idci, fi, . . . , f1)
snn(x, fn, . . . , f1) = (s
n
n(x), idcn, fn, . . . , f1)
Remark 1.2. We have a natural isomorphism relating the two constructions:
lim
−→
BK
C
Xop ∼=
(
lim
−→
KB
C
X
)op
(fn, . . . , f1, x) 7→ (x, f1, . . . , fn)
Remark. The above convention is chosen so that the following formula holds,
lim
−→
BK
C
∆1 ∼= N(C)
where ∆1 is the constant diagram of shape C with value 1 ∼= ∆0 and N(C) is
the nerve of C. Since the “underlying simplicial set” of a category C is defined
to be N(C)op in [Bousfield and Kan, 1972], the formula for homotopy colimits
appearing in op. cit. actually corresponds to what we call ‘dual Bousfield–Kan
colimit’. The same is true for the formula appearing in [Hirschhorn, 2003,
Ch. 18].
Lemma 1.3. Let ϕ : X ⇒ Y be a natural transformation of small diagrams
C → sSet.
• If the components ϕc : X(c)→ Y (c) are all weak homotopy equivalences,
then the induced morphism lim
−→
BK
C
ϕ : lim
−→
BK
C
X → lim
−→
BK
C
Y is also a weak
homotopy equivalence.
• If the components ϕc : X(c)→ Y (c) are all weak homotopy equivalences,
then the induced morphism lim
−→
KB
C
ϕ : lim
−→
KB
C
X → lim
−→
KB
C
Y is also a weak
homotopy equivalence.
Proof. See Lemma 4.2 in [Bousfield and Kan, 1972, Ch. XII] or Theorem 18.5.1
in [Hirschhorn, 2003]. 
Lemma 1.4 (The Bousfield–Kan comparison). Let X• be a bisimplicial set
and let |X•| be the diagonal simplicial set:
|X•|n = (Xn)n
4
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• There is a natural weak homotopy equivalence lim
−→
BK
∆op
X• → |X•|.
• There is a natural weak homotopy equivalence lim
−→
KB
∆op
X• → |X•|.
Proof. See paragraph 4.3 in [Bousfield and Kan, 1972, Ch. XII] or Theorem
18.7.4 in [Hirschhorn, 2003]. 
We will also need two versions of the Grothendieck construction:
Definition 1.5. Let X : C → Cat be a small diagram.
• The lax colimit for X is the category lim
−→
Th
C
X defined below:
– The objects are pairs (c, x) where c is an object in C and x is an
object in X (c).
– The morphisms (c′, x′) → (c, x) are pairs (f, g) where f : c′ → c is
a morphism in C and g : X (f)(x′)→ x is a morphism in X (c).
– Composition and identities are inherited from C and X .
• The oplax colimit for X is the category lim
−→
Gr
C
X defined below:
– The objects are pairs (c, x) where c is an object in C and x is an
object in X (c).
– The morphisms (c′, x′) → (c, x) are pairs (f, g) where f : c → c′ is
a morphism in C and g : x′ → X (f)(x) is a morphism in X (c′).
– Composition and identities are inherited from C and X .
Remark. It may help to observe that the canonical projection lim
−→
Th
C
X → C
is a Grothendieck opfibration, whereas the canonical projection lim
−→
Gr
C
X →
Cop is a Grothendieck fibration. Thus lim
−→
Gr
C
X is the original Grothendieck
construction.
Remark. In the notation of Dwyer and Kan [1980b], lim
−→
Th
C
X is ∗ ⊗C X , and
lim
−→
Gr
C
X is X ⊗Cop ∗.
The notation lim
−→
Th
C
X is in honour of the following result of Thomason
[1979]:
Theorem 1.6 (Thomason’s homotopy colimit theorem). Let X : C → Cat be
a small diagram.
• There is a weak homotopy equivalence
lim
−→
BK
C
N ◦ X → N
(
lim
−→
Th
C
X
)
which is moreover natural in C and X .
5
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• There is a weak homotopy equivalence
lim
−→
KB
C
N ◦ X → N
(
lim
−→
Gr
C
X
)
which is moreover natural in C and X .
In addition, we need a homotopy cofinality theorem. Following [Grothen-
dieck, 1983]:
Definition 1.7.
• A left aspherical functor is a functor u : A → B such that, for
each object b in B, the nerve of the comma category (b ↓ u) is a weakly
contractible simplicial set.
• A right aspherical functor is a functor u : A → B such that, for
each object b in B, the nerve of the comma category (u ↓ b) is a weakly
contractible simplicial set.
Remark 1.8. Since a simplicial set X is weakly contractible if and only if Xop
is weakly contractible, a functor u : A → B is left aspherical if and only if
uop : Aop → Bop is right aspherical.
The homotopical significance of these functors is hinted at by a result of
Quillen [1973, §1]:
Theorem 1.9 (Quillen’s Theorem A). If u : A → B is either a left or right
aspherical functor, then N(u) : N(A)→ N(B) is a weak homotopy equivalence.
However, one can say more. The following result is originally due to Gro-
thendieck [1991].
Theorem 1.10 (Homotopy cofinality). Let u : A → B be a functor between
small categories and let X : B → Cat be a diagram.
(i) There are pullback diagrams in Cat of the forms below,
lim
−→
Th
A
X ◦ u lim
−→
Th
B
X
A Bu
lim
−→
Gr
A
X ◦ u lim
−→
Gr
B
X
Aop Bopuop
where the vertical arrows are the canonical projections, the top horizontal
arrows are functorial in X , and in the left (resp. right) diagram, the top
horizontal arrow is an opcartesian (resp. cartesian) functor.
(ii) If u : A → B is left aspherical, then lim
−→
Th
A
X ◦ u → lim
−→
Th
B
X is left
aspherical and lim
−→
Gr
A
X ◦ u→ lim
−→
Gr
B
X is right aspherical.
6
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Proof. (i). Straightforward.
(ii). The two halves of the claim are formally dual; the second version is a
special case of Corollaire 4.16 in [Maltsiniotis, 2005] (in view of Exemple 2.3
and Définition 4.6 in op. cit.). 
2 Derived hom-spaces
Let M be a model category and let sM (resp. cM) be the category of simpli-
cial (resp. cosimplicial) objects in M. As is well known,[1] sM and cM have
Reedy model structures, wherein the weak equivalences are the morphisms
that are degreewise weak equivalences in M.
Proposition 2.1. Let (−)0 : sM→M be the functor that sends a simplicial
object B• in M to the component B0. Then:
(i) (−)0 : sM→M has a left adjoint, namely the functor sk0 : M→ sM
that sends each object A inM to the constant simplicial object with value
A.
(ii) The adjunction
sk0 ⊣ (−)0 : sM→M
is a Quillen adjunction, and the unit is an isomorphism.
(iii) The induced functor Ho sk0 : HoM→ Ho sM is fully faithful.
Dually, let (−)0 : cM→M be the functor that sends a cosimplicial object A•
in M to the component A0. Then:
(i′) (−)0 : cM→M has a right adjoint, namely the functor cosk0 : M →
cM that sends each object B in M to the constant cosimplicial object
with value B.
(ii′) The adjunction
(−)0 ⊣ cosk0 :M→ cM
is a Quillen adjunction, and the counit is an isomorphism.
(iii′) The induced functor Ho cosk0 : HoM→ Ho cM is fully faithful.
Proof. Straightforward. 
[1] See [Hovey, 1999, §5.2] or [Hirschhorn, 2003, Ch. 15].
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Definition 2.2.
• A weakly constant simplicial object in M is a simplicial object B•
such that the counit sk0(B0)→ B• is a Reedy weak equivalence in sM.
We write swM for the full subcategory of sM spanned by the weakly
constant simplicial objects.
• A weakly constant cosimplicial object inM is a cosimplicial object
A• such that the unit A• → cosk0(A0) is a Reedy weak equivalence in
cM.
We write cwM for the full subcategory of cM spanned by the weakly
constant cosimplicial objects.
• A simplicial resolution in M is an weakly constant simplicial object
in M that is also Reedy-fibrant in sM.
We write srM for the full subcategory of sM spanned by the simplicial
resolutions.
• A cosimplicial resolution inM is an weakly constant simplicial object
in M that is also Reedy-cofibrant in cM.
We write crM for the full subcategory of sM spanned by the cosimplicial
resolutions.
Corollary 2.3.
(i) The adjunction
sk0 ⊣ (−)0 : swM→M
is a adjoint homotopical equivalence of homotopical categories.
(ii) The induced adjunction
Ho sk0 ⊣ Ho (−)0 : Ho swM→ HoM
is an adjoint equivalence of categories.
Dually:
(i) The adjunction
(−)0 ⊣ cosk0 :M→ cwM
is an adjoint homotopical equivalence of homotopical categories.
(ii) The induced adjunction
Ho (−)0 ⊣ Ho cosk0 : HoM→ Ho cwM
is an adjoint equivalence of categories.
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Proof. This is an immediate consequence of the definitions and proposition 2.1.

Definition 2.4.
• Let A be an object in M and let B• be a simplicial object in M. The
right hom-complex HomM(A,B) is the simplicial set defined by the
following formula:
HomM(A,B)n =M(A,Bn)
• Let A• be a cosimplicial object inM and let B be an object inM. The
left hom-complex HomM(A,B) is the simplicial set defined by the
following formula:
HomM(A,B)n =M(A
n, B)
• Let A• be a cosimplicial object inM and let B• be a simplicial object in
M. The total hom-complex HomM(A,B) is the simplicial set defined
by the following formula:
HomM(A,B)n =M(A
n, Bn)
Lemma 2.5.
• If B• is a simplicial resolution in M, then the right hom-complex func-
tor HomM(−, B) : M
op → sSet preserves weak equivalences between
cofibrant objects.
• If A• is a cosimplicial resolution inM, then the left hom-complex functor
HomM(A,−) : M → sSet preserves weak equivalences between fibrant
objects.
Proof. See Corollaries 6.3 and 6.4 in [Dwyer and Kan, 1980c], Corollary 5.4.4
in [Hovey, 1999], or Corollary 16.5.5 in [Hirschhorn, 2003]. 
Corollary 2.6. The total hom-complex functor
HomM(−,−) : (crM)
op × srM→ sSet
preserves weak equivalences.
Proof. Since Reedy-fibrant simplicial objects (resp. Reedy-cofibrant cosimpli-
cial objects) are degreewise fibrant (resp. cofibrant), the claim is a consequence
of lemmas 1.3, 1.4, and 2.5. 
Theorem 2.7.
(i) The right hom-complex functor HomM(−,−) : M
op × swM → sSet is
a right-deformable functor.
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(ii) The left hom-complex functor HomM(−,−) : (cwM)
op ×M → sSet is
a right-deformable functor.
(iii) The total hom-complex functor HomM(−,−) : (cwM)
op× swM→ sSet
is a right-deformable functor.
In particular, each of the above-mentioned functors has a total right derived
functor.
Proof. The Reedy-fibrant replacement functor for sM (resp. Reedy-cofibrant
replacement functor for cM) restricts to a right (resp. left) deformation retract
for swM (resp. cwM). The right-deformability of the functors in question then
follows by lemma 2.5 and corollary 2.6, and the existence of total right derived
functors is an application of paragraph 41.5 in [DHKS]. 
Recall that the totalisation of a cosimplicial simplicial set X• is the sim-
plicial set TotX• defined by the following end formula,
TotX• =
∫
[m]:∆
[∆m, Xm]
where ∆m is the standard m-simplex and [−,−] denotes the internal hom of
sSet.
Proposition 2.8.
• The category sM admits a simplicial enrichment with hom-spaces defined
by the following formula,
sM(A,B) = TotHomM(A•, B)
where A• and B• are simplicial objects in M and HomM in the RHS
denotes the right hom-complex.
• The category cM admits a simplicial enrichment with hom-spaces defined
by the following formula,
cM(A,B) = TotHomM(A,B
•)
where A• and B• are cosimplicial objects in M and HomM in the RHS
denotes the left hom-complex.
Proof. Omitted. 
Though this simplicial enrichment of sM (resp. cM) usually fails to make
it a simplicial model category, it has just enough good properties to ensure
that the hom-space functor of swM (resp. cwM) admits a total right derived
functor. Indeed:
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Theorem 2.9.
• The functor swM(−,−) : (swM)
op×swM→ sSet is a right-deformable
functor and has a total right derived functor.
• The functor cwM(−,−) : (cwM)
op×cwM→ sSet is a right-deformable
functor and has a total right derived functor.
Proof. The two claims are formally dual; we will prove the first version.
Let Mc be the full subcategory of M spanned by the cofibrant objects.
Observe that for any object A inM and any simplicial object B• inM, there
is a natural isomorphism
swM(sk0(A), B) ∼= HomM(A,B)
and so, by corollary 2.6, the functor swM(sk0(−),−) : (Mc)
op× srM→ sSet
preserves weak equivalences. But for every weakly constant simplicial object
A• inM, there is a functorial choice of a cofibrant object A˜ inM and a Reedy
weak equivalence sk0(A˜)→ A•, and for every weakly constant simplicial object
B•, there is a functorial choice of a simplicial resolution Bˆ• and a Reedy weak
equivalence B• → Bˆ•, so swM(−,−) : (swM)
op × swM → sSet is indeed
right-deformable. 
In view of the results of this section, it seems reasonable to make the
following definition:
Definition 2.10. A derived hom-space functor for M is a functor
RHomM : HoM
op × HoM→ Ho sSet
equipped with an isomorphism
RHomM
(
(−)0, (−)0
)
∼= HomM(−,−)
of functors (Ho crM)
op ×Ho srM→ Ho sSet.
3 Comparison with the hammock localisation
Let M be a small model category and let W be the subcategory of weak
equivalences. Recall the following definitions from [Dwyer and Kan, 1980b]:
11
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Definition 3.1.
• A hammock inM fromA to B of width k and length n is a commutative
diagram in M of the form below,
A C0,1 C0,2 · · · C0,n−2 C0,n−1 B
A C1,1 C1,2 · · · C1,n−2 C1,n−1 B
...
...
...
. . .
...
...
...
A Ck−1,1 Ck−1,2 · · · Ck−1,n−2 Ck−1,n−1 B
A Ck,1 Ck,2 · · · Ck,n−2 Ck,n−1 B
such that the following conditions are satisfied:
– In each column, all horizontal arrows point in the same direction.
– All leftward-pointing arrows are weak equivalences.
– All vertical arrows are weak equivalences.
We allow both k and n to be zero; if n = 0 then we must have A = B.
• A reduced hammock in M is a hammock with these additional prop-
erties:
– In each column, not every horizontal arrow is an identity morphism.
– Horizontal arrows in adjacent columns point in opposite directions.
• The hammock localisation ofM is the following simplicially enriched
category LHM:
– The objects in LHM are the objects in M.
– The hom-space LHM(A,B) is the evident simplicial set whose k-
simplices are the reduced hammocks from A to B of width k and
any length.
– Composition is (horizontal) concatenation and identities are the
hammocks of length 0.
12
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We are especially interested in the following:
Definition 3.2. A special hammock in M from A to B is a hammock of
the form below,
A • • B
A • • B
A
...
... B
A • • B
A • • B
where the horizontal arrows in the leftmost column are trivial fibrations and
the horizontal arrows in the rightmost column are trivial cofibrations.
We write T (A,B) for the following category:
• The objects are special hammocks in M from A to B of width 0.
• The morphisms are special hammocks in M from A to B of width 1,
with the top row as the domain and the bottom row as the codomain.
• Composition and identities are inherited from M.
Remark 3.3. Recalling that the class of trivial fibrations (resp. trivial cofibra-
tions) in M is closed under pullback (resp. pushout), there is an evident
pseudofunctorMop×M→ Cat whose value at (A,B) is the category T (A,B).
Lemma 3.4. The obvious morphism N(T (A,B)) → LHM(A,B) is natural
in the following sense: given morphisms A′ → A and B → B′ in M, the
following diagram commutes in Ho sSet,
N(T (A,B)) LHM(A,B)
N(T (A′, B′)) LHM(A′, B′)
where the vertical arrows are the evident induced morphisms.
Proof. By pasting commutative diagrams, we may reduce to the case where
either A′ → A or B → B′ is an identity morphism, which is straightforward.

13
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Proposition 3.5. The obvious morphism N(T (A,B)) → LHM(A,B) is a
weak homotopy equivalence.
Proof. It is straightforward (using the functorial factorisations of M) to show
that the inclusion T (A,B) →֒ W−1MW−1(A,B) induces a weak homotopy
equivalence of nerves. The claim is then a consequence of Propositions 6.2 and
8.2 in [Dwyer and Kan, 1980b]. 
Proposition 3.6.
• Let B be an object in M, let Bˆ• be a simplicial resolution in M, let
i• : sk0(B) → Bˆ• be a degreewise trivial cofibration, and let
(
B/W
)
c
be the full subcategory of the slice category B/W spanned by the trivial
cofibrations with domain B. Then the diagram I : ∆op →
(
B/W
)
c
corresponding to i• is a left aspherical functor.
• Let A be an object in M, let A˜• be a cosimplicial resolution in M, let
p• : A˜• → cosk0(A) be a degreewise trivial fibration, and let
(
W/A
)
f
be the
full subcategory of the slice categoryW/A spanned by the trivial fibrations
with codomain A. Then the diagram P : ∆→
(
W/A
)
f
corresponding to
p• is a right aspherical functor.
Proof. This is essentially Propositions 6.11 and 6.12 in [Dwyer and Kan, 1980c].

Proposition 3.7.
(i) Let A and B be objects in M, let A˜• be a cosimplicial resolution in M,
let Bˆ• be a simplicial resolution in M, let p
• : A˜• → cosk0(A) be a de-
greewise trivial fibration, and let i• : sk0(B)→ Bˆ• be a degreewise trivial
cofibration. Then we have a diagram of weak homotopy equivalences of
the form below:
lim
−→
KB
n:∆op
lim
−→
BK
m:∆op
discM
(
A˜n, Bˆm
)
HomM
(
A˜, Bˆ
)
N(T (A,B))
(ii) Moreover, the above diagram is natural in the following sense: given
commutative diagrams in cM and sM of the forms below,
cosk0(A) A˜•
cosk0(A′) A˜′•
p•
p′•
Bˆ• sk0(B)
Bˆ′ sk0(B
′)
i•
i′
•
14
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the following diagram commutes in Ho sSet,
lim
−→
KB
n:∆op
lim
−→
BK
m:∆op
discM
(
A˜n, Bˆm
)
HomM
(
A˜, Bˆ
)
N(T (A,B))
lim
−→
KB
n:∆op
lim
−→
BK
m:∆op
discM
(
A˜′n, Bˆ′m
)
HomM
(
A˜′, Bˆ′
)
N(T (A′, B′))
where the vertical arrows are the evident induced morphisms.
Proof. (i). We follow paragraph 7.2 in [Dwyer and Kan, 1980c]. By applying
lemma 1.4 (twice), we obtain a natural weak homotopy equivalence of the
following type:
lim
−→
KB
∆op
lim
−→
BK
∆op
discM
(
A˜•, Bˆ•
)
→ HomM
(
A˜, Bˆ
)
On the other hand, by lemma 1.3 and Thomason’s homotopy colimit theorem
(1.6), we have a natural weak homotopy equivalence
lim
−→
KB
∆op
lim
−→
BK
∆op
discM
(
A˜•, Bˆ•
)
→ N
(
lim
−→
Gr
∆op
lim
−→
Th
∆op
discM
(
A˜•, Bˆ•
))
and recalling Quillen’s Theorem A (1.9) and the homotopy cofinality theorem
(1.10), proposition 3.6 implies there is a weak homotopy equivalence
N
(
lim
−→
Gr
∆op
lim
−→
Th
∆op
discM
(
A˜•, Bˆ•
))
→ N
(
lim
−→
Gr
(W/A)
f
op lim
−→
Th
(B/W)
c
discM(Q,R)
)
where Q :
(
W/A
)
f
→ M and R :
(
B/W
)
c
→ M are the evident projection
functors; but it is straightforward to check that
lim
−→
Gr
(W/A)
f
op lim
−→
Th
(B/W)
c
discM(Q,R) ∼= T (A,B)
so we are done.
(ii). Naturality implies that the left half of the diagram in question commutes
strictly, i.e.
lim
−→
KB
∆op
lim
−→
BK
∆op
discM
(
A˜•, Bˆ•
)
HomM
(
A˜, Bˆ
)
lim
−→
KB
∆op
lim
−→
BK
∆op
discM
(
A˜′•, Bˆ′•
)
HomM
(
A˜′, Bˆ′
)
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commutes in sSet; and similarly,
lim
−→
KB
∆op
lim
−→
BK
∆op
discM
(
A˜•, Bˆ•
)
N
(
lim
−→
Gr
∆op
lim
−→
Th
∆op
discM
(
A˜•, Bˆ•
))
lim
−→
KB
∆op
lim
−→
BK
∆op
discM
(
A˜′•, Bˆ′•
)
N
(
lim
−→
Gr
∆op
lim
−→
Th
∆op
discM
(
A˜′•, Bˆ′•
))
also commutes in sSet, so it suffices to verify that the evident diagram
N
(
lim
−→
Gr
∆op
lim
−→
Th
∆op
discM
(
A˜′•, Bˆ′•
))
N(T (A,B))
N
(
lim
−→
Gr
∆op
lim
−→
Th
∆op
discM
(
A˜′•, Bˆ′•
))
N(T (A′, B′))
commutes in Ho sSet. By pasting commutative diagrams, we may reduce the
problem to the following two cases:
• Both A˜′• → A˜• and A′ → A are identity morphisms.
• Both Bˆ• → Bˆ
′
• and B → B
′ are identity morphisms.
Furthermore, the two cases are formally dual, so it is enough to check the first
case. But the universal property of pushouts yields a natural transformation
fitting into the diagram below,
lim
−→
Gr
∆op
lim
−→
Th
∆op
discM
(
A˜•, Bˆ•
)
T (A,B)
lim
−→
Gr
∆op
lim
−→
Th
∆op
discM
(
A˜•, Bˆ′•
)
T (A,B′)
so we are done. 
Theorem 3.8. There is an isomorphism
RHomM(−,−) ∼= L
HM(−,−)
of functors HoMop ×HoM→ Ho sSet.
Proof. Combine lemma 3.4 and propositions 3.5 and 3.7. 
4 Bousfield localisation and simplicial localisation
Let C be a small category and let W be a subcategory of weak equivalences.
Recall the following definitions from [Dwyer and Kan, 1980a]:
16
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Definition 4.1.
• The standard resolution of a category A is the simplicial category
F•A, where the 0-th level is the free category generated by the underlying
reflexive graph ofA and the (n+ 1)-th level is the free category generated
by the underlying reflexive graph of the n-th level.
• The simplicial localisation of C is the simplicially enriched category
LC corresponding to the simplicial category F•C
[
F•W
−1
]
obtained by
inverting F•W in F•C levelwise.
Proposition 4.2. Let h : C → [Cop, sSet] be the Yoneda embedding, i.e. the
functor defined by hB = disc C(−, B).
(i) The projective model structure on [Cop, sSet] exists.
(ii) The left Bousfield localisation of the projective model structure with re-
spect to
{
hw
∣∣w ∈ morW} exists.
(iii) A simplicial presheaf P : Cop → sSet is fibrant in the localised model
structure if and only if P is projective-fibrant and sends weak equivalences
in C to weak homotopy equivalences.
Proof. (i). Apply Theorem 11.6.1 in [Hirschhorn, 2003].
(ii). Apply Theorem 4.1.1 in [Hirschhorn, 2003].
(iii). By Proposition 3.4.1 in [Hirschhorn, 2003], P is fibrant in the localised
model structure if and only if it is a local object; and by Example 17.2.4 in
op. cit. (plus the enriched Yoneda lemma), P is a local object if and only if
it is projective-fibrant and sends weak equivalences in C to weak homotopy
equivalences. 
The localised model structure on [Cop, sSet] allows us to find the best
approximation of an arbitrary simplicial presheaf Cop → sSet by one that
sends weak equivalences in C to weak homotopy equivalences. More precisely:
Proposition 4.3. Let R : [Cop, sSet] → [Cop, sSet] be a fibrant replacement
functor for the localised model structure and let i : id ⇒ R be a natural weak
equivalence in the localised model structure. Then for any simplicial presheaf
X : Cop → sSet, (RX, iX) is a right approximation for X.
Proof. Let Y : Cop → sSet be a simplicial presheaf and suppose Y sends
weak equivalences in C to weak homotopy equivalences. First, let us show
that iY : Y → RY is a weak equivalence in the projective model structure
on [Cop, sSet]. Let j : Y → Yˆ be any weak equivalence in the projective
17
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model structure where Yˆ is projective-fibrant. Then the following diagram in
[Cop, sSet] commutes,
Y RY
Yˆ RYˆ
j
iY
Rj
i
Yˆ
and by proposition 4.2, Yˆ is a fibrant object in the localised model structure
on [Cop, sSet], so both iYˆ : Yˆ → RYˆ and Rj : RY → RYˆ are weak equi-
valences between fibrant objects in the localised model structure, hence also
weak equivalences between fibrant objects in the projective model structure
by Theorem 3.2.13 in [Hirschhorn, 2003]. But j : Y → Yˆ is a weak equival-
ence in the projective model structure, so it follows that the same is true for
iY : Y → RY .
Now, consider a morphism α : X → Y in [Cop, sSet]. Then the following
diagram in [Cop, sSet] commutes,
X X X
RX RY Y
iX α
Rα iY
and if α : X → Y is a weak equivalence in the localised model structure,
then Rα : RX → RY is a weak equivalence in the projective model structure.
The diagram is clearly natural in α : X → Y , so (RX, iX) is a homotopically
initial Kan extension of X : Cop → sSet along id : Cop → Cop, i.e. a right
approximation for X. 
Remark 4.4. Unfortunately, it does not follow that every simplicial presheaf
Cop → sSet admits a total right derived functor; right approximations only
have a universal property with respect to functors Ho Cop → Ho sSet that arise
from simplicial presheaves Cop → sSet.
Proposition 4.5. Let FC be the simplicially enriched category correspond-
ing to the standard resolution F•C and let h : FC → [FC
op, sSet] be the
enriched Yoneda embedding, i.e. the simplicially enriched functor defined by
hB = FC(−, B).
(i) The projective model structure on [FCop, sSet] exists.
(ii) The left Bousfield localisation of the projective model structure with re-
spect to
{
hw
∣∣w ∈ morFW} exists.
(iii) A simplicial presheaf P : FCop → sSet is fibrant in the localised model
structure if and only if P is projective-fibrant and sends morphisms in
FW to weak homotopy equivalences.
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Proof. (i). Apply Theorem 11.3.2 in [Hirschhorn, 2003] to the evident forgetful
functor [FCop, sSet]→ [ob C, sSet].
(ii) and (iii). These may be proved the same way as in proposition 4.2. 
Theorem 4.6. Let U : FC → C be the standard augmentation and let V :
FC → LC be the localising functor.
(i) The induced functor
U ∗ : [Cop, sSet]→ [FCop, sSet]
is a right Quillen equivalence with respect to the projective model struc-
tures.
(ii) The induced functor
U ∗ : [Cop, sSet]→ [FCop, sSet]
is a right Quillen equivalence with respect to the localised model struc-
tures.
(iii) The induced functor
V ∗ : [LCop, sSet]→ [FCop, sSet]
is a right Quillen equivalence with respect to the projective model struc-
ture on [LCop, sSet] and the localised model structure on [FCop, sSet].
Proof. (i). First, we must show that U ∗ : [Cop, sSet] → [FCop, sSet] is a
right Quillen functor with respect to the projective model structures. It is
well known that U ∗ has a left adjoint, namely the unique (up to unique iso-
morphism) simplicially enriched functor U ! : [FC
op, sSet] → [Cop, sSet] that
preserves simplicially enriched colimits and makes the following diagram com-
mute:
FC [FCop, sSet]
C [Cop, sSet]
U
h
U !
h
Moreover, it is clear that U ∗ preserves projective fibrations and natural weak
equivalences, so U ∗ is indeed a right Quillen functor.
It remains to be verified that the functor U ∗ is a right Quillen equivalence,
and by Proposition 1.3.13 in [Hovey, 1999] it suffices to check that the right
derived functor (with respect to the projective model structures)
RU∗ : Ho [Cop, sSet]→ Ho [FCop, sSet]
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is fully faithful and essentially surjective on objects. But U : FC → C is
a Dwyer–Kan equivalence (by Proposition 2.6 in [Dwyer and Kan, 1980a]),
so this is a straightforward consequence of Theorem 2.1 in [Dwyer and Kan,
1987].
(ii). We already know that U ∗ : [Cop, sSet] → [FCop, sSet] is a right Quil-
len functor with respect to the projective model structures, so U ! is a left
Quillen functor with respect to the projective model structures. Since rep-
resentable simplicial presheaves are projective-cofibrant and U restricts to a
functor FW →W, we may apply Proposition 3.3.18 in [Hirschhorn, 2003] and
deduce that U ! is a left Quillen functor with respect to the localised model
structures. Thus, U ∗ is indeed a right Quillen functor with respect to the
localised model structures.
To show that U∗ is a right Quillen equivalence, it now suffices to check that
the right derived functor (with respect to the localised model structures)
RU∗ : Ho [Cop, sSet]→ Ho [FCop, sSet]
is fully faithful and essentially surjective on objects. Recalling propositions 4.2
and 4.5, this is a straightforward consequence of Corollary 3.8 in [Dwyer and
Kan, 1987].
(iii). As with (i), it is easy to see that V ∗ : [LCop, sSet] → [FCop, sSet] is
a right Quillen functor with respect to the projective model structures, so
it is a right Quillen functor with respect to the localised model structure on
[FCop, sSet] a fortiori. Thus, to show that V ∗ is a right Quillen equivalence,
it suffices to check that the right derived functor
RV ∗ : Ho [LCop, sSet]→ Ho [FCop, sSet]
is fully faithful and essentially surjective on objects, and this is a consequence
of paragraph 4.2 in [Dwyer and Kan, 1987]. 
Lemma 4.7.
(i) Let U ! : [FC
op, sSet] → [Cop, sSet] be the left adjoint of the functor
U ∗ : [Cop, sSet] → [FCop, sSet]. For any projective-cofibrant simplicial
presheaf X : FCop → sSet, the adjunction unit
ηX : X → U
∗U !X
is a weak equivalence in the projective model structure on [FCop, sSet].
(ii) Let V ! : [FC
op, sSet] → [LCop, sSet] be the left adjoint of the functor
V ∗ : [LCop, sSet]→ [FCop, sSet]. For any projective-cofibrant simplicial
presheaf X : FCop → sSet, the adjunction unit
ηX : X → V
∗V !X
is a weak equivalence in the localised model structure on [FCop, sSet].
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Proof. (i). Let i : U !X → Y be any weak equivalence in projective model struc-
ture on [Cop, sSet] where Y is projective-fibrant. The functor U ∗ : [Cop, sSet]→
[FCop, sSet] preserves all weak equivalences, so the morphism U ∗i : U∗U !X →
U ∗Y is a weak equivalence in the projective model structure on [FCop, sSet];
but theorem 4.6 implies that the composite U ∗i ◦ ηX is a weak equivalence in
[FCop, sSet], so the claim is a consequence of the 2-out-of-3 property.
(ii). A similar argument works. 
Proposition 4.8. Let R : [Cop, sSet] → [Cop, sSet] be a fibrant replacement
functor for the localised model structure.
(i) R ◦ h : C → [Cop, sSet] preserves weak equivalences.
(ii) There is an isomorphism
R ◦ h ∼= LC(−,−)
of functors Ho Cop × Ho C → Ho sSet.
Proof. Let S : [FCop, sSet] → [FCop, sSet] be a fibrant replacement functor
for the localised model structure. Then, for every object B in C, recalling that
U !hB = hB, we have the following commutative diagram in [FC
op, sSet],
V ∗V !hB hB U
∗U !hB U
∗RhB
SV ∗V !hB ShB SU
∗U !hB SU
∗RhB
ηhB ηhB
RηhB SηhB
where the vertical arrows are natural weak equivalences in the localised model
structure. Theorem 4.6 and lemma 4.7 imply that the horizontal arrows are
also weak equivalences in the localised model structure, and since weak equi-
valences between fibrant objects in the localised model structures are also
weak equivalences between fibrant objects in the projective model structure,
it follows that
U ∗RhB ∼= SV
∗V !hB
as functors FCop → Ho sSet, naturally in B. Moreover, it is straightforward
(using proposition 4.5) to verify that the morphism V ∗V !hB → SV
∗V !hB is a
weak equivalence in the projective model structure, so recalling that V !hB =
LC(−, B), we have an isomorphism
R ◦ h ∼= LC(−,−)
of functors FCop×FC → Ho sSet. But these functors both factor through the
evident functor FCop × FC → Ho Cop × Ho C, so we are done. 
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Theorem 4.9.
(i) There exist a functor hˆ : C → [Cop, sSet] and a natural transformation
η : h ⇒ hˆ such that each ηB : hB → hˆB is a weak equivalence in the
localised model structure and each hˆB is fibrant in the localised model
structure.
(ii) If C is a model category, then the functor Ho Cop × Ho C → Ho sSet
defined by (A,B) 7→ hˆB(A) is (the functor part of) a derived hom-space
functor RHomC : Ho C
op × Ho C → Ho sSet.
Proof. (i). Use functorial fibrant replacements for the localised model struc-
ture on [Cop, sSet].
(ii). In view of theorem 3.8 and proposition 4.8, this is an immediate con-
sequence of Proposition 2.2 in [Dwyer and Kan, 1980b]. 
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